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For m ¥ Z+ let F(m) be the set of numbers with an infinite continued fraction
expansion where all partial quotients, except possibly the first, do not exceed m. In
1975, James Hlavka conjectured that F(6)+F(2) ] R. We shall disprove Hlavka’s
conjecture, showing that in fact F(5)±F(2)=R. © 2001 Elsevier Science
Key Words: continued fractions; Cantor sets; sums of sets.
1. INTRODUCTION
For a positive integer m let F(m) denote the set of numbers
F(m)={[t, a1, a2, ...]; t ¥ Z, 1 [ ai [ m for i \ 1},
where by [a0, a1, a2, ...] we denote the infinite continued fraction
a0+
1
a1+
1
a2+
1
· · ·
with partial quotients a0, a1, a2 and so on. In 1947, Hall proved [7] that
F(4)+F(4)=R,
where we define the sum of two sets of real numbers A and B by
A+B={a+b ; a ¥ A and b ¥ B}.
In 1973, Divisˇ [5] and Cusick [4] proved independently that Hall’s result
was close to best possible, namely that
F(3)+F(3) ] R.
In 1975, J. Hlavka [8] examined sums of the form F(m)+F(n) where
m ] n. He proved that
F(m)+F(n)=R (1)
holds for (m, n) equal to (2, 7) or (3, 4), but does not hold for (m, n) equal
to (2, 4). Now, if (1) holds, then the same equation holds with m and n
replaced by mŒ and nŒ respectively, where mŒ \ m and nŒ \ n. Further, if
either m or n is equal to one then trivially (1) does not hold, since
F(1)={[t, 1, 1, ...]; t ¥ Z}. Hence the only cases untreated by Hall,
Divisˇ, Cusick or Hlavka are (m, n)=(2, 5) and (m, n)=(2, 6). Hlavka
conjectured that in both these cases (1) would not hold. We will show that
in each case Hlavka’s conjecture is false. If A and B are sets of real
numbers then we put −B={−b; b ¥ B} and denote A+(−B) by A−B. In
this paper we establish the following result.
Theorem 1.1.
F(5)+F(2)=R and F(5)−F(2)=R.
In fact, the approach we shall develop has wider applications and has
been used by the author to examine F(3)±F(3). If w=d1d2 · · · dt is a finite
word with di ¥ Z+ for 1 [ i [ t then we abuse notation by putting
[a0, ..., ak, w, ak+1, ...]=[a0, ..., ak, d1, d2, ..., dt, ak+1, ...].
DefineM to be the set of finite words v=d1 · · · dt such that t \ 0, di ¥ {1, 3}
for 1 [ i [ t, and if dk=1 for some k then t \ k+1 and dk+1=3. Put
S=0
v ¥M
[[[0, v, 3, 1]+[0, v, 2, 1, 3], [0, v, 1, 3]+[0, v, 1, 2, 1, 3]]],
where for any real x and y we let [[x, y]] denote the closed interval
[min{x, y}, max{x, y}]. In 1973, Freiman [6] proved that
Z+S ı F(3)+F(3)
and in 1999 the author [1] established that if we set
T={2[0, d1, d2, ...]; di ¥ {1, 3} and if di=1 then di+1=3, for i \ 1}
then the following result holds.
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Theorem 1.2.
F(3)+F(3)=(Z+S) 2 (Z+T).
Furthermore, Z+T contains an uncountable set of points not contained
in Z+S.
The author [1] also used a similar approach to examine F(3)−F(3).
Theorem 1.3.
F(3)−F(3)=R.
The calculations required to prove Theorems 1.2 and 1.3 are significantly
longer than those we shall use to prove Theorem 1.1; see [1] for details.
For more information on sums of numbers with restricted partial
quotients (in particular for a study of sums of more than two sets of such
numbers) the reader is directed to [2] and [3]. For an excellent survey of
other work connected to numbers with bounded partial quotients the
reader may consult [10].
2. BACKGROUNDMATERIAL
For integers m \ 1 set Lm={1, ..., m} and put
C(Lm)={Oa1, ...P; ai ¥ Lm for i \ 1},
where Oa1, ...P=[0, a1, ...]. Note that C(Lm)=[0, 1] 5 F(m). To prove
that F(5)±F(2)=R it suffices to show that C(L5)±C(L2) contains a
closed interval of length at least one.
Let an integer m \ 2 be given, and define the set of finite words Wm by
Wm={d1 · · · dk ; k \ 0 and 1 [ di [ m for 1 [ i [ k}.
We first inductively construct a tree Dm(Lm) to represent C(Lm). We let the
root of Dm(Lm) be I=I(Lm), where I(Lm)=[Om, 1P, O1, mP]. Now
assume that Iw is a vertex of Dm(Lm) for some word w=d1 · · · dk in Wm. We
let the subvertices of Iw be the intervals of the form Iwt for 1 [ t [ m, where
Iwt=[[Od1, ..., dk, t, m, 1P, Od1, ..., dk, t, 1, mP]].
We also define O tIw for 1 [ t [ m−1 by
O tIw=((Od1, ..., dk, t, 1, mP, Od1, ..., dk, t+1, m, 1P))
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where for x, y ¥ R we put
((x, y))=(min{x, y}, max{x, y}).
If m=2 then to simplify notation we let OIw=O
1
Iw. Notice that
Iw=Iw1 2 O1Iw 2 Iw2 2 · · · 2 Om−1Iw 2 Iwm.
In this manner we may define the infinite m-ary tree Dm(Lm). We call
Dm(Lm) the derivation of C(Lm). The vertices of Dm(Lm) are called bridges
of the derivation, while the open intervals of the form O tIw are called gaps
of the derivation (or of the set C(Lm)). We have
C(Lm)=3
n \ 0
1 0
|w|=n
Iw2 ,
where we denote the length of a word w by |w|.
The set C(Lm) is a Cantor set. It follows from results in [2] that the
Hausdorff dimension of C(L5)+C(L2) is not less than
log 2
log 110779+1161`3+628`5+304`15
7321
2=0.9344... .
To show that C(L5)+C(L2) contains a large interval we shall need a new
approach. The techniques used were inspired in part by work of Schecker
[9] in which he proved that C(L3)+C(L3) contains an interval.
Assume that m is an integer with m \ 3 and that A is a bridge of Dm(Lm)
with
A=[[Od1, ..., dk, m, 1P, Od1, ..., dk, 1, mP]].
We define A by
A¯=[[Od1, ..., dk, m−1, 1P, Od1, ..., dk, 1, m−1P]]
and for t=1, ..., m−1 we let O tA be the open interval
O tA=((Od1, ..., dk, t, 1, m−1P, Od1, ..., dk, t+1, m−1, 1P)).
We also put, for 1 [ r < s [ m,
A sA r=ArA s=Ar 2 O rA 2 A r+1 2 · · · 2 A s
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and
A sA r=A rA s=A r 2 O rA 2 A r+1 2 · · · 2 A s.
Finally, we define AL by
AL=[[Od1, ..., dk, 1, mP, Od1, ..., dk, 1, m−1P]].
Note that
A=AL 2 A¯ 2 Om−1A 2 Am 2 (Am)L.
Fix integers m and n with m \ 3 and n \ 2. Let A and B be bridges of
Dm(Lm) and Dn(Ln), respectively, and let 1 [ k < m−1. We say that
AkAm−1 and B are L-compatible, denoted AkAm−1 % B, if
|AkAm−1| \ |O1B | and |B| \ |OkA |.
Note that A¯=A1Am−1. We say that A¯ % B if A1Am−1 % B.
Let J1=[x1, y1] and J2=[x2, y2] be intervals. We say that J1 is almost
linked to J2 if x2 [ y1. Notice that if J1 and J2 overlap then J1 is almost
linked to J2.
Lemma 2.1. Let n ¥ Z+, and for 1 [ t [ n let Jt=[xt, yt] be an interval.
Assume that x1 [ yn and that Jt is almost linked to Jt+1 for 1 [ t [ n−1.
Then
[x1, yn] ı 0
n
t=1
Jt.
Proof. See [9, Hilfssatz 1]. L
To aid our calculations involving continued fractions we have the
following lemma.
Lemma 2.2. For a fixed r \ 0 and 1 [ i [ 4 assume that Gi=[a0, a1, ...,
ar, gi] for some real gi > 0. For 0 [ n [ r let pn/qn be the nth convergent to
[a0, ..., ar], and put Q=qr−1/qr. Then
: G1−G2
G3−G4
:=: g1−g2
g3−g4
: · (g3+Q)(g4+Q)
(g1+Q)(g2+Q)
.
Proof. See [8, Lemma 5]. L
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3. MAIN RESULTS
For positive integers m we let −Dm(Lm) denote the tree with vertices
{−I(Lm)w; I(Lm)w is a vertex of Dm(Lm)}
and edges from −Iw to −Iv if Dm(Lm) contains an edge from Iw to Iv.
We may similarly define the concepts of bridges, gaps, and so forth for
−Dm(Lm).
To prove Theorem 1.1 we shall use the following result.
Theorem 3.1. Let I1 and I2 be bridges of D5(L5) and D2(L2) respectively,
with
I1 ¨ {I(L5), I(L5)1} and I2 ¨ {I(L2), I(L2)1}.
If I1 % I2 then
I1+I2 ı (I1 5 C(L5))+(I2 5 C(L2)) and
I1−I2 ı (I1 5 C(L5))−(I2 5 C(L2)).
Proof. Let A and B be bridges of D5(L5) and ±D2(L2), respectively,
with
A ¨ {I(L5), I(L5)1} and B ¨ {±I(L2), ±I(L2)1}.
Let k be an integer in the range 1 [ k [ 3 and assume that AkA4 % B. We
will use Lemma 2.1 to show that AkA4+B can be covered by a union of
intervals of the form
AwtAw4+Bv, (2)
where either t > k or w ]” or v ]”, and AwtAw4 % Bv. By repeating this
process we can cover AkA4+B by intervals of the form (2) where either
v ]” or |O tAw | < |B2| < |B1|. In this case if v=” then it follows that
AwtAw4 % B1, AwtAw4 % B2
and
AwtAw4+B=(AwtAw4+B1) 2 (AwtAw4+B2).
Hence it is possible to cover AkA4+B by intervals of the form (2) where
v ]”. Similar to the above argument we may repeat this process and cover
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AkA4+B by a union of intervals of the form (2) where v ]” and either
w ]” or |OBv | < |A4|. If w=” then
A r % Bv
for t [ r [ 4 and
A tA4+Bv=(A t+Bv) 2 · · · 2 (A4+Bv).
Therefore it is possible to cover AkA4+B by a union of intervals of the
form (2) where w ]” and v ]”. Thus by induction on min{|w|, |v|} we
may cover AkA4+B by intervals of the form (2) where w and v are as long
as desired. By letting min{|w|, |v|} tend to infinity we have
AkA4+B ı (A 5 C(L5))+(B 5 C(L2))
or
AkA4+B ı (A 5 C(L5))+(B 5 (−C(L2)))
as necessary. Since I1=I
1
1I
4
1 and I1 % I2 it will then follow that
I1+I2 ı (I1 5 C(L5))+(I2 5 C(L2)) and
I1−I2 ı (I1 5 C(L5))−(I2 5 C(L2))
as required.
Let A and B be bridges of D5(L5) and ±D2(L2) respectively with
A ¨ {I(L5), I(L5)1} and B ¨ {±I(L2), ±I(L2)1}
and let k be an integer with 1 [ k [ 3 and AkA4 % B. Note first that
|A1| > |A2| > · · · > |A5|, |O1A | > |O
2
A | > · · · > |O
4
A |
and
|B1| > |B2|.
As discussed above, we must show that AkA4+B can be covered by a
union of intervals of the form AwtAw4+Bv, where either t > k or w ]” or
v ]”, and AwtAw4 % Bv.
The rationale followed when determining the covering intervals is simple.
In many cases it was found that one could cover AkA4+B if intervals of the
form Aw+Bv were used, but not if they were replaced with those of the
form Aw+Bv. To make up the difference we added to the union intervals of
the form Aw5+Bvu. To maintain L-compatibility it was usually necessary to
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have u ]”. This of course made it difficult to ensure that Aw+Bv was
almost linked to Aw5+Bvu.
For sets E1 and E2 of real numbers we say that E1 < E2 if e1 < e2 for
every e1 ¥ E1 and every e2 ¥ E2. We may assume without loss of generality
that A1 < A2. The set of intervals used to cover AkA4+B will depend
(essentially) on the relative sizes of A and B and the position of B1 relative
to B2. If B1 < B2 then we will use the following sets of intervals to cover
AkA4+B.
Situation 1: k=1 or k=2
Case 1: |B2| \ |OkA |
AkA4+B=(AkA4+B1) 2 (AkA4+B2).
Case 2: |B2| < |OkA |.
Case 2a: |Ak| \ |OB |.
AkA4+B=(Ak+B) 2 (Ak+1A4+B).
Case 2b: |Ak| < |OB |.
AkA4+B=(AkA4+B1) 2 (Ak+1A4+B).
Situation 2: k=3.
Case 1: |B2| \ |O3A |.
A3A4+B=(A3A4+B1) 2 (A3A4+B2).
Case 2: |A4| \ |OB |.
A3A4+B=(A3+B) 2 (A4+B).
Case 3: |B2| < |O3A | and |A
4| < |OB |.
Case 3a: |A5| \ |OB1 |.
A3A4+B ı (A3A4+B1) 2 (A5+B1) 2 (A4+B2).
Case 3b: |A5| < |OB1 |.
A3A4+B ı (A3A4+B1) 2 (A5+B11) 2 (A4+B2).
We next examine the case where B1 > B2. Cases 1 and 2a of Situation 1
may be handled in the same way as for B1 < B2. Also, the proofs for
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Cases 1 and 2 of Situation 2 will be the same as in the case where B1 < B2.
Thus it suffices to examine Situation 1, Case 2b and Situation 2, Case 3.
Situation 1: k=1 or k=2.
Case 2b: |B2| < |OkA | and |A
k| < |OB |.
If k=1 then
A1A4+B ı (A1+B2) 2 (A15+B112) 2 (A1A4+B1).
If k=2 and |A2|− |A2L|− |A25L| \ |OB | then
A2A4+B ı (A2+B2) 2 (A25+B112) 2 (A2A4+B1).
If k=2 and |A2|− |A2L|− |A25L| < |OB | then
A2A4+B ı (A2+B2) 2 (A1+B) 2 (A25+B112) 2 (A2A4+B1).
Situation 2: k=3.
Case 3: |B2| < |O3A | and |A
4| < |OB |.
Case 3a: |A3| \ |OB |.
A3A4+B ı (A3+B) 2 (A3A4+B1).
Case 3b: |A3| < |OB |.
A3A4+B ı (A3+B2) 2 (A2A4+B1).
To prove our theorem it suffices to show that containment holds in each
of the above cases and that in every case if AwtAw4+Bv is part of the union
then AwtAw4 % Bv.
By using Lemma 2.2 we will have to determine quantities of the form
inf
x [ Q [ y
fr(g1, g2, g3, g4, Q), (3)
where
fr(g1, g2, g3, g4, Q)=
(g1−g2)
(g3−g4)
·
(g3+Q)(g4+Q)
(g1+Q)(g2+Q)
and x, y, g1, g2, g3 and g4 are certain positive real numbers. Now if g3/g1
and g4/g2 are both greater than one or both less than one then the infimum
in (3) clearly occurs at either x or y. Otherwise, from calculus we see that
fr(g1, g2, g3, g4, Q), considered as a function of Q, will have a critical point
at Q if
0=aQ2+bQ+c,
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where
a=g1+g2−g3−g4, b=2g1 g2−2g3 g4 and
c=(g3+g4) g1 g2−(g1+g2) g3 g4.
Thus if a=0 the critical point is Q=−c/b, while if a ] 0 then the critical
points are
−b+`b2−4ac
2a
and
−b−`b2−4ac
2a
if b2−4ac \ 0. Therefore to determine (3) we calculate fr(g1, g2, g3, g4, Q)
at the above critical points and at x and y.
Let A=I(L5)w and B=±I(L2)v be bridges of D5(L5) and ±D2(L2)
with w ¨ {”, 1} and v ¨ {”, 1}. Say
w=a1 a2 · · · ar and v=b1 b2 · · · bs
and put
QA=Oar, ..., a1P and QB=Obs, ..., b1P.
Then
1
6=O5, 1P [ QA [ O1, 5, 1P=
6
7 and
1
3=O2, 1P [ QB [ O1, 2, 1P=
3
4 .
By Lemma 2.2 it follows that
|B1|
|OB |
\ fr([1, 1, 2], [1, 2, 1], [2, 2, 1], [1, 1, 2], 3/4)=0.8501... , (4)
|B2|
|OB |
\ fr([2, 1, 2], [2, 2, 1], [2, 2, 1], [1, 1, 2], 1/3)=0.3890... , (5)
|B|
|OB |
\ fr([2, 1, 2], [1, 2, 1], [2, 2, 1], [1, 1, 2], 3/4)=2.261... , (6)
|A|
|O1A |
\ fr([4, 1, 4], [1, 4, 1], [2, 4, 1], [1, 1, 4], 0.2087...)=6.599... (7)
and for k=1, 2 we have
|Ak|
|OkA |
\
|A3|
|O3A |
\ fr([3, 1, 4], [3, 4, 1], [4, 4, 1], [3, 1, 4], 6/7)=2.044... . (8)
Assume first that B1 < B2.
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Situation 1: k=1 or k=2.
Case 1: |B2| \ |OkA |.
Then AkA4 % B2 and AkA4 % B1 since |B1| > |B2|. Also,
AkA4+B=(AkA4+B1) 2 (AkA4+B2)
since AkA4 % B.
Case 2: |B2| < |OkA |.
If k=1 then we note that
|A2A4|
|O1A |
\ fr([4, 1, 4], [2, 4, 1], [2, 4, 1], [1, 1, 4], 1/6)=2.764...
so with (5) we have
|A2A4|
|O1A |
·
|B2|
|OB |
> 1.07;
thus |Ak+1A4| > |OB |, so Ak+1A4 % B.
If k=2 then define w and v by letting A=I(L5)w and B=±I(L2)v. If
v ] (1 2) then
QB > O2, 1, 2, 1P=
4
11 .
In this case we have
|B2|
|OB |
\ fr([2, 1, 2], [2, 2, 1], [2, 2, 1], [1, 1, 2], 4/11)=0.3908... .
Now,
|A3A4|
|O2A |
\ fr([4, 1, 4], [3, 4, 1], [3, 4, 1], [2, 1, 4], 1/6)=2.567...
so if v ] (1 2) then
|A3A4|
|O2A |
·
|B2|
|OB |
> 1.003 .
Thus |Ak+1A4| > |OB |. Assume that v=(1 2). We find by calculation that if
w ] (2) and w ] (1 1) then |O2A | < |B2|, a contradiction, whence either
w=(2) or w=(1 1). In both of these cases we have
|A3A4| > 0.02 > |OB |
and thus if k=2 we have |Ak+1A4| > |OB |, and so Ak+1A4 % B.
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Case 2a: |Ak| \ |OB |.
In this case Ak % B and
AkA4+B=(Ak+B) 2 (Ak+1A4+B).
Case 2b: |Ak| < |OB | By (8) and (4) we have
|Ak|
|OkA |
·
|B1|
|OB |
> 1.73
for k=1 or k=2; thus |B1| > |OkA |. Therefore A
kA4 % B1 and
AkA4+B=(AkA4+B1) 2 (Ak+1A4+B).
Situation 2: k=3.
Case 1: |B2| \ |O3A |.
In this case A3A4 % B1, A3A4 % B2 and
A3A4+B=(A3A4+B1) 2 (A3A4+B2).
Case 2: |A4| \ |OB |.
Then A3 % B, A4 % B and
A3A4+B=(A3+B) 2 (A4+B).
Case 3: |B2| < |O3A | and |A
4| < |OB |.
Now
|A4A5|
|O3A |
\ fr([5, 1, 4], [4, 4, 1], [4, 4, 1], [3, 1, 4], 1/6)=2.853...;
hence with (5) we have
|A4A5|
|O3A |
·
|B2|
|OB |
> 1.11. (9)
Also
|A5|
|O3A |
\ fr([5, 1, 4], [5, 4, 1], [4, 4, 1], [3, 1, 4], 1/6)=0.8899... (10)
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and
|B2|
|OB11 |
\ fr([2, 1, 2], [2, 2, 1], [1, 1, 2, 2, 1], [1, 1, 1, 1, 2], 1/3)=2.570... .
Therefore
|A5|
|O3A |
·
|B2|
|OB11 |
> 2.28 (11)
and
|A4|
|O3A |
·
|B2|
|OB2 |
> 2.01 (12)
by (10) and (6) and since |A4| \ |A5|. We have
|A4A5| > |OB |, |A5| > |OB11 | and |A4| > |OB2 | (13)
by (9), (11) and (12).
Further
|A4|
|O3A |
\ fr([4, 1, 4], [4, 4, 1], [4, 4, 1], [3, 1, 4], 1/6)=1.312... (14)
so
|A4|
|O3A |
·
|B1|
|OB |
> 1.11 (15)
and
|A4|
|O1A4 |
·
|B2|
|OB |
> 2.56 (16)
by (14), (4), (7) and (5). Therefore
|B1| > |O3A | and |B
2| > |O1A4 | (17)
by (15) and (16) respectively. By (13) and (17) it follows that
A3A4 % B1 and A4 % B2.
Case 3a: |A5| \ |OB1 |.
Then since |B1| > |O3A | > |O
1
A5 | we have A
5 % B1. Since |B1| > |O3A | > |O4A |
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we know that A3A4+B1 is almost linked to A5+B1. Also A5+B1 is almost
linked to A4+B2, as |A4A5| > |OB |. Thus
A3A4+B ı (A3A4+B1) 2 (A5+B1) 2 (A4+B2)
by Lemma 2.1.
Case 3b: |A5| < |OB1 |.
Now
|A5|
|O4A |
\ fr([5, 1, 4], [5, 4, 1], [5, 4, 1], [4, 1, 4], 1/6)=1.367... (18)
so
|A5|
|O4A |
·
|B11|
|OB1 |
> 1.16 (19)
by (18), (4).
Now |B11| > |O4A | > |O
1
A5 | by (19). With (13) we have
A5 % B11.
Also, since |B11| > |O4A | we know that A
3A4+B1 is almost linked to
A5+B11. Similar to the above we find that A5+B11 is almost linked to
A4+B2, since |A4A5| > |OB |. Therefore
A3A4+B ı (A3A4+B1) 2 (A5+B11) 2 (A4+B2)
by Lemma 2.1.
We now assume that B1 > B2.
Situation 1: k=1 or k=2.
Case 2b: |B2| < |OkA | and |A
k| < |OB |.
As in the case where B1 < B2 we have
Ak+1A4 % B and AkA4 % B1.
By (7) and (5) we have
|Ak|
|O1Ak |
·
|B2|
|OB |
> 2.56 (20)
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for k=1 or k=2. Also |B2| > |O1Ak | and |OB2 | < |B
2| < |OkA | < |A
k| by (20)
and (8), whence Ak % B2. Further
|A15|
|O1A |
\ fr([1, 5, 4, 1], [1, 5, 1, 4], [2, 4, 1], [1, 1, 4], 6/7)=0.1070... ,
|A25|
|O2A |
\ fr([2, 5, 4, 1], [2, 5, 1, 4], [3, 4, 1], [2, 1, 4], 6/7)=0.08768...
and
|B2|
|OB112 |
\ fr([2, 1, 2], [2, 2, 1], [1, 1, 2, 1, 1, 2], [1, 1, 2, 2, 2, 1], 1/3)
=14.67...;
thus
|Ak5|
|OkA |
·
|B2|
|OB112 |
> 1.28 (21)
for k=1 or k=2. Now
|A¯|
|O4A |
\ fr([4, 1, 4], [1, 4, 1], [5, 4, 1], [4, 1, 4], 6/7)=28.09...
and
|B112|
|OB |
\ fr([1, 1, 2, 1, 2], [1, 1, 2, 2, 1], [2, 2, 1], [1, 1, 2], 3/4)=0.05838...
so
|Ak|
|O4Ak |
·
|B112|
|OB |
> 1.63 (22)
for k=1 or k=2. By (21) and (22) we have |Ak5| > |OB112 | and |B112| >
|O4Ak |, so A
k5 % B112, and Ak5+B112 is almost linked to AkA4+B1.
Assume that k=1. We have
|A1|− |A1L|− |A15L|
Z
\ fr([1, 1, 4], [1, 5, 1, 4], [2, 4, 1], [1, 1, 4], 6/7)
=2.620...
and so with (5) it follows that
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|A1|− |A1L|− |A15L|
|O1A |
·
|B2|
|OB |
> 1.01 . (23)
Then |A1|− |A1L|− |A15L| > |OB | by (23), so A1+B2 is almost linked to
A15+B112. Therefore by Lemma 2.1
A1A4+B ı (A1+B2) 2 (A15+B112) 2 (A1A4+B1).
Assume next that k=2. Then
|A2|− |A2L|− |A25L|
|O1A |+|A
1L|+|A25L|
\ fr([2, 1, 4], [2, 5, 1, 4], [2, 5, 1, 4], [1, 1, 4], 1/6)
=1.241...; (24)
hence
|A2|− |A2L|− |A25L|
|O1A |+|A
1L|+|A25L|
·
|B1|
|OB |
> 1.05 (25)
by (24) and (4).
By (25) we have
|A2|− |A2L|− |A25L| \ |OB | or |B1| \ |O1A |+|A1L|+|A25L|.
If |A2|− |A2L|− |A25L| \ |OB | then A2+B2 is almost linked to A25+B112, so
A2A4+B ı (A2+B2) 2 (A25+B112) 2 (A2A4+B1)
by Lemma 2.1. Otherwise |B1| \ |O1A |+|A1L|+|A25L| so A1+B is almost
linked to A25+B112. Further
|A1|
|O2A |
\ fr([1, 1, 4], [1, 4, 1], [3, 4, 1], [2, 1, 4], 6/7)=4.433... (26)
and
|A2|
|O1A1 |
\ fr([2, 1, 4], [2, 4, 1], [1, 1, 1, 4], [1, 2, 4, 1], 1/6)=2.584... (27)
so
|A1|
|O2A |
·
|B2|
|OB |
> 1.73 and
|A2|
|O1A1 |
|B|
|OB |
> 5.84 (28)
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by (26), (5), (27) and (6). Now |A1| > |OB | and |B| > |O
1
A1 | by (28); hence
A1 % B and
A2A4+B ı (A2+B2) 2 (A1+B) 2 (A25+B112) 2 (A2A4+B1)
by Lemma 2.1.
Situation 2: k=3.
Case 3: |B2| < |O3A | and |A
4| < |OB |.
We have
|A4|
|O1A3 |
\ fr([4, 1, 4], [4, 4, 1], [3, 1, 1, 4], [3, 2, 4, 1], 1/6)=4.074... (29)
so
|A4|
|O1A3 |
·
|B2|
|OB |
> 1.59 (30)
by (29) and (5). We also have
|A3|
|O3A |
·
|B2|
|OB2 |
> 4.62 (31)
by (8) and (6). Now |B2| > |O1A3 | and |A
3| > |OB2 | by (30) and (31), whence
A3 % B2. Also, as in the case where B1 < B2 we have |B1| > |O3A | by (15), so
A3A4 % B1.
Case 3a: |A3| \ |OB |.
In this case
A3A4+B ı (A3+B) 2 (A3A4+B1),
where A3 % B and A3A4 % B1.
Case 3b: |A3| < |OB |.
It follows that
|A3|
|O2A |
\ fr([3, 1, 4], [3, 4, 1], [3, 4, 1], [2, 1, 4], 1/6)=1.230... (32)
so
|A3|
|O2A |
·
|B1|
|OB |
> 1.04 (33)
by (32) and (4).
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Thus |B1| > |O2A | by (33), so A
2A4 % B1. Since |OB | [ |A3A4| < |A2A3| we
have
A3A4+B ı (A3+B2) 2 (A2A4+B1).
The theorem follows. L
Proof (Proof of Theorem 1.1). Let I1 and I2 be the roots of D5(L5) and
D2(L2) respectively. By calculation we find that
I51 % I212 , I41 % I22, I31 % I22, I21 % I22,
I51 % I122 , I111 % I22, I121 % I22, I111 % I112 ,
I111 % I122 , I131 % I112 , I121 % I122 , I131 % I122 ,
I141 % I122 , I21 % I112 , I21 % I122 , I121 % I112 ,
I131 % I22, I141 % I212 , I41 % I112 , I31 % I122
and
I41 % I122 .
Now
I51+I
21
2 =[0.537..., 0.580...], I
4
1+I
2
2=[0.573..., 0.660...],
I31+I
2
2=[0.627..., 0.734...], I
2
1+I
2
2=[0.719..., 0.875...],
I51+I
12
2 =[0.874..., 0.924...], I
11
1 +I
2
2=[0.912..., 1.069...],
I121 +I
2
2=[1.054..., 1.161...], I
11
1 +I
11
2 =[1.124..., 1.280...],
I111 +I
12
2 =[1.249..., 1.378...], I
13
1 +I
11
2 =[1.339..., 1.426...],
I121 +I
12
2 =[1.391..., 1.470...], I
13
1 +I
12
2 =[1.465..., 1.524...]
and
I141 +I
12
2 =[1.510..., 1.560...].
Hence by Theorem 3.1 we have
[0.538, 1.560] ı F(5)+F(2)
so F(5)+F(2)=R. Further,
I51−I
12
2 =[−0.560..., −0.510...], I
4
1−I
12
2 =[−0.525..., −0.465...],
I31−I
12
2 =[−0.470..., −0.391...], I
4
1−I
11
2 =[−0.426..., −0.339...],
I21−I
12
2 =[−0.378..., −0.249...], I
2
1−I
11
2 =[−0.280..., −0.124...],
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I111 −I
12
2 =[−0.185..., −0.056...], I
11
1 −I
11
2 =[−0.087..., 0.069...],
I121 −I
11
2 =[0.054..., 0.161...], I
11
1 −I
2
2=[0.124..., 0.280...],
I121 −I
2
2=[0.265..., 0.372...], I
13
1 −I
2
2=[0.339..., 0.426...]
and
I141 −I
21
2 =[0.419..., 0.462...].
Therefore by Theorem 3.1 we have
[−0.560, 0.462] ı F(5)−F(2);
hence F(5)−F(2)=R and the theorem follows. L
REFERENCES
1. S. Astels, ‘‘Cantor Sets and Numbers with Restricted Partial Quotients,’’ Ph.D. thesis,
University of Waterloo, 1999.
2. S. Astels, Cantor sets and numbers with restricted partial quotients, Trans. Amer. Math.
Soc. 352 (2000), 133–170.
3. S. Astels, Sums of numbers with small partial quotients, Proc. Amer. Math. Soc., in press.
4. T. W. Cusick, On M. Hall’s continued fraction theorem, Proc. Amer. Math. Soc. 38
(1973), 253–254.
5. B. Divisˇ, On the sums of continued fractions, Acta Arith. 22 (1973), 157–173.
6. G. A. Freiman, ‘‘Teorija cisel’’ (Number Theory), Kalininskii Gosudarstvennyi Universi-
tet, Moscow, 1973.
7. M. Hall, Jr., On the sum and product of continued fractions, Ann. of Math. 48 (1947),
966–993.
8. J. L. Hlavka, Results on sums of continued fractions, Trans. Amer. Math. Soc. 211 (1975),
123–134.
9. H. Schecker, Über die Menge der Zahlen, die als Minima quadratischer Formen auftreten,
J. Number Theory 9 (1977), 121–141.
10. J. Shallit, Real numbers with bounded partial quotients: a survey, Enseign. Math. 2
(1992), 151–187.
NUMBERS WITH SMALL PARTIAL QUOTIENTS 205
